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Abstract 

We construct irreducible modules Vq, a G C over Ws algebra 
with c = —2 in terms of a free bosonic field. We prove that these 
modules exhaust all the irreducible modules of W3 algebra with 
c = —2. Highest weights of modules Va,a £ C with respect 
to the full (two-dimensional) Cartan subalgebra of W3 algebra 
are (^^a{a — 1), ^a{a — l){2a — 1)^ . They are parametrized by 

points {t, w) on a rational curve w — h'^{8t + l) = 0. Irreducible 
modules of vertex algebra Wi+oo with c = — 1 are also classified. 



Introduction 

In the study of two-dimensional conformal field theories extensions 
of conformal symmetry play an important role. The algebraic struc- 
tures underlying the extended conformal symmetry are usually known 
as W-algebras in literatures (see [ [BS| , ^'h]\ and references therein). 
Mathematically W-algebras can be put into the general framework of 
the theory of vertex algebras formulated first by Borcherds, cf. e.g. 
0, |FLM| , |L|, P^'KRWI , 0, 0. 



In contrast to vertex algebras associated to the Virasoro algebra, 
W-algebras such as Wat algebras, have the feature that non-linearity 
terms appear in the operator product expansion of two generating 
fields, namely the commutator of two generators contains non-linear 
terms expressed by these generators themselves. Mainly due to the 
non-linear nature of W-algebras, the study of their representation the- 
ory has been difficult and very non-trivial. Even the understanding of 
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representation theory of the Zamolodchikov VV3 algebra ||Za|| , which is 
the simplest example of W-algebras beyond the Virasoro algebra, is far 
from satisfactory (see however ||BMP|] ) . 

Apart from the Virasoro generators L^, n G Z, VV3 algebra has an 
additional set of generators Wn, n E Z. Denote by UiWs) the cor- 
responding universal enveloping algebra. Define two generating series 

T{Z) = E„6Z^n^-"-' and Wiz) = En^zWnZ-^-^. 

It is well known that the vacuum module VWs^c with central charge 
c carries a vertex algebra structure. For a generic central charge c, 
VWs^c is an irreducible representation of W(W3). In this case, the 
representation theory of vertex algebra VWs^c is the same as that of 
^(Ws). For a non-generic central charge c, VWs^c is reducible and 
admits a unique maximal proper W(VV3)-submodule I and thus a unique 
irreducible quotient, which is denoted by Ws^c- Ws^c inherits a vertex 
algebra structure from VWs^c- Representation theory of Ws^c with non- 
generic central charge c becomes highly non-trivial since a module M 
of U ( W3) can be regarded as a module of Ws^c if and only if the Fourier 
components of any field corresponding to any vector in I annihilates 
the whole M. 

In [[W2|] , in studying the vertex algebra Wi+00 with central charge 
— 1 (denoted by Wi+00,-1) we explicitly constructed a number of irre- 
ducible modules of W3,_2 parametrized by integers and obtained full 
character formulas for these modules. We showed that the vertex alge- 
bra Wi+00,-1 is isomorphic to a tensor product of W3,_2 and a Heisen- 
berg vertex algebra generated by a free bosonic field by using Friedan- 
Martinec-Shenker bosonization technique [[FMS|| . 

In this paper, we will continue the study of representation theory of 
W3.-2 and Wi+oo,-!- Note that —2 is a non-generic central charge for 
W3 algebra. We will explicitly construct irreducible modules V^, a G C 
of VV3^-_2 in terms of a free bosonic field. Then by locating key singular 
vectors in VVV3,_2 and then applying Zhu's machinery to our case 
we are able to prove that Va,(y G C exhaust all the irreducible modules 
of W3 _2. It turns out that the set of all irreducibles of W3,_2 has an 
elegant description: highest weights of these irreducible modules are 
parametrized by points of a rational curve defined by w'^ — ^t'^{8t + l) = 
0. Combining with our results in | W2 | we also construct and classify 
all the irreducible modules of Wi+oo-i- This latter classification result 



disproves a conjecture of Kac and Radul |KR2 



Let us explain in more detail. Given a pair of be fields b{z) = 
J2n&i.bin)z~"- and c{z) = J2n&i.c{n)z^"'^^ , we construct a Fock space 
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T generated by the vacuum vector |6c), satisfying 

h[n + l)|6c) = 0, c[n)\hc) = 0, n > 0. 

Then j{^z) =: b{z)c{z) := Z^ngz Jn-z""""'^ is a free bosonic field. Take a 
scalar field ipi^z) such that j{z) = dip{z). Denote by Tia the Fock space 
of the Heisenberg algebra {jVi, n E'L} with vacuum vector \a) satisfying 

in\a) = a6n,o\a), n>0. 

It is observed in ||BCM1N| , that the fields 



T{z) =: db{z)c{z) :, W{z) = ^ (: d^b{z)c{z) : - : db{z)dc{z) :) , 

satisfy the VV3 operator product expansions with central charge —2. 
We can rewrite the fields T{z) and W{z) in terms of j{z) by means of 
boson- fermion correspondence (Proposition |3.1| ). J-"^ is thus isomorphic 
to Tio- It is shown |[W2|] that the simple vertex algebra W3,_2 is a vertex 
subalgebra of J^^ and can be identified explicitly inside JF°. Denote by 
Va the irreducible quotient of the >V3,_2-submodule of Ha generated 
by the highest weight vector \a) in Ha- Let W{z) = J2nez'^nZ~"'~^ = 
^\/6W{z). We will show that the highest weight of Va with respect to 
the full Cartan subalgebra {Lq, Wq} of W3,-2 is 

^a(a-l),ia(a-l)(2a-l)). (0.1) 

To show that the above irreducible modules V^, a G C exhaust all 
the irreducible modules of W3,_2, we invoke a powerful machinery due 
to Zhu in the general theory of vertex algebras fZ]. Zhu constructed an 
associative algebra A{V) for any vertex algebra V such that irreducible 
modules of the vertex algebra V one-to-one correspond to irreducible 
modules of the associative algebra A{V). Zhu's constructions were 
generalized to vertex superalgebras in |[KW|| . By construction, the Zhu 



associative algebra A{V) is a certain quotient of V. We denote by [a] 
the image in A(y) of a G By studying the associative algebra A{V), 
one can often obtain useful information on highest weights of modules 
over V. 

We show that the Zhu associative algebra y4(VW3,_2) is isomorphic 
to a polynomial algebra C[t, w], where t and w correspond to elements 
[L_2|0)] and [Vr_3|0)] in A(VW3,_2) respectively. Using some explicit 
results on singular vectors in VW3._2; we further show that Zhu associa- 
tive algebra A{W3-2) is isomorphic to (some quotient of) the quotient 
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algebra C[t,w]/ < f(t,w) >, where < f(t,w) > is the ideal of C[i(:, w] 
generated by the polynomial f(t,w) = w"^ — \t^{^t + 1). This means 
that a necessary condition for any irreducible module of the vertex al- 
gebra VW3,_2 to be a module of W3 _2 is that its highest weight (t, w) 
has to satisfy the equation 

- it^(8t + 1) = 0. (0.2) 
9 

We observe that all the solutions to the equation above can be writ- 
ten as of the form ( p.ll ). But we have already constructed irreducible 
modules of with a highest weight of any such form. This 

shows that (a G C) are all irreducible >V3,_2-modules and their high- 
est weights are parametrized by points on the rational curve defined 
by the equation (p.2| ). The equation ( p.2|) as a necessary constraint 
on the highest weights of irreducible W3_^2-niodules was anticipated in 
[0, [EFHHNVl] by some other arguments []. 



In the remaining part of this paper we classify all the irreducible 
modules of vertex algebra Wi+oo,-i- Recall in our paper [|W2|| , we have 
shown that the vertex algebra VVi+00,-1 is isomorphic to a tensor prod- 
uct of the vertex algebra VV3,_2 and a Heisenberg vertex algebra gener- 
ated by a free bosonic field. Therefore the classification of irreducible 
modules Wi+00,-1 follows from our classification of irreducible modules 
of W3,_2 and the well-known description of all irreducible modules of 
a Heisenberg vertex algebra. 

This paper is organized as follows. In Section |l|, we recall the defi- 
nition of a vertex algebra and review Zhu's associative algebra theory. 
In Section ||, we recall the W3 algebra and study the case with cen- 
tral charge —2 in some detail. In Section ^ we construct irreducible 
modules (a G C) of 1^^3,-2 and determine their highest weights. In 
section § we calculate Zhu algebra 74(>V3._2) and show that the list of 
irreducible modules constructed in Section |^ is complete. In Section | 
we classify all irreducible modules of Wi+oo,-i- 

1 Vertex algebras and Zhu's associative 
algebra theory 



Our definition of vertex algebras basically follows |PKRW| , 0]. It is 



known that our definition is essentially equivalent to other formulations 
Bl| , [FLM| , p^ , P2|| . Though it is not essential to have a gradation 



m 
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in the definition of vertex algebras, we clioose to keep it in tliis paper 
in order to present Zliu's associative algebra theory. 

Definition 1.1 A vertex algebra consists of the following data: a Z+- 
graded vector space V = 0„ez+ Ki/ a vector \0) &V (called the vacuum 
vector); an operator Lq (called the degree operator) and an operator 
T G End V (called the translation operator); a linear map from V to 
the space of fields a ^— Y{a,z) = J2nei,'^{n)Z~"'~^ ^ End V[[z, z^^]] 
(called the state-field correspondence). These data satisfy the following 
axioms: 

(V) Y{\0),z)=lv, Y{a,z)\0)U=o = a; 

(G) ^o|v„ =^^v„, [LQ,Y{a,z)] = d-,Y{a,z) + Y{LQa,z); 

(T) [T,r(a,z)] = 9,y(a,z), T|0) = 0; 

(L) {z-w)^[Y{a,z),Y{b,w)] = Q for iV > 0. 

For a G V„, n is called the weight of a, denoted by wt a. Denote by 
o(a) = a(wt a — 1) for homogeneous a & V and extends by linearity to 
the whole V . The results of the remaining part of this section are due 
to Zhu 0. We refer the readers to for more detail. 

Definition 1.2 Define two bilinear operations * and o onV as follows. 
For a homogeneous, let 

(z + 1)^^ " 
a*b = Res, I Y{a,z) ^ J b 



a ob = ReSz Y{a., z) 



i2 



then extend to V ^ V by bilinearity. Denote by 0{V) the subspace of 
V spanned by elements aob, and by AiV) the quotient space V/0{V). 



It is convenient to introduce an equivalence relation ~ as in | |W1 | 



For a,b G V, a b means a — b = mod 0{V). For f,g& End V, 
f ^ g means f ■ c ^ g ■ c for any c ^ V. Denote by [a] the image of a 
in V under the projection of V onto A{V). 

Lemma 1.1 T + Lq ~ 0. 
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2) For every homogeneous element a & V , and m > n > 0, one has 



Theorem 1.1 1) 0{V) is a two-sided ideal ofV under the multipli- 
cation *. Moreover, the quotient algebra {A(y),*) is associative. 

2) [1] is the unit element of the algebra A{V). 

In the case that the vertex algebra V contains a Virasoro element uu, 
i.e. the corresponding field Y{uj, z) is an energy-momentum tensor field, 
we have 

Lemma 1.2 [uj] is in the center of the associative algebra AiV). 
The following proposition follows from the definition oi AiV). 

Proposition 1.1 Let I he an ideal ofV. Then the associative algebra 
A{y/ 1) is isomorphic to A{y)/[I], where [I] is the image of I in AiV). 



Theorem 1.2 1) If M = 0„gz+ is a module of the vertex alge- 
bra V , then the top level Mq of M is a module of the associative 
algebra A{V), with action given as follows: for [a] G A{V), which 
is the image of a &V, [a] acts on Mq as o{a) . 

2) Irreducible modules of the vertex algebra V one-to-one correspond 
to irreducible modules of the associative algebra AiV) as in 1). 

We call A{y) the Zhu (associative) algebra of a vertex algebra V . 




3) For homogeneous elements a,b & V , one has 
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2 W3 algebra with central charge —2 

Denote hjUiyVs) the quotient of the free associative algebra generated 
by Lm, Wm, m G Z, by the ideal generated by the following commuta- 
tion relations (cf. e.g. | B1V1P|| ): 

[Lm, Ln] = (m - n)Lm+n + J^i^^ " m)6m-n, 

[Lm,Wn] = {2m-n)Wm+n, (2.3) 

[Wm,Wn] = {m-n)(^{m + n + 3){m + n + 2) 

^15 

~{m + 2){n + 2))Lm+n 

+p(m - n)Am+n + ^—:m{m^ - l){m^ - 4)5„ 
-ioU 

where c G C is the central charge, /3 = 16/ (22 + 5c) and 

3 

Am = ^ LnLm-n ~\~ ^ Lm-nLn — -\- 2)(m -\- 3)Lm- 

n<-2 n>-2 

Denote 

m,± = {Ln, Wn, ±n > 0}, W3,0 = {Lo, Wo}. 

A Verma module Aic{t,w) (or Ai{t,w) whenever there is no con- 
fusion of central charge) of UiWs) is the induced module 

M{t,w)=U{W3) (g) Q,^ 

w(n'3,+eW3,o) 

where C^,^ is the 1-dimensional module of U ( W3,+ © Ws^o) generated 
by a vector |t, w) such that 

W3,+ |t,w) = 0, Lo|t,M;) = t\t,w), Wo\t,w) = w\t,w). (2.4) 

A4{t,w) has a unique irreducible quotient which is denoted by C{t,w) 
(or Ccit,w) when it is necessary to specify the central charge). A 
singular vector in a W(>V3)-module means a vector killed by Wa^^. 
For simplicity, we denote the vacuum vector |0,0) by |0) in the case 
t = w = 0. It is easy to see that L-i\0),W-i\0), and Vr_2|0) are 
singular vectors in A1(0,0). We denote by VWs^c the vacuum module 
which is by definition the quotient of Verma module A^(0,0) by the 
W(W3)-submodule generated by the singular vectors L_i\0),W-i\0), 
and Vr_2|0). We also call £(0,0) the irreducible vacuum module. Let 
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I be the maximal proper submodule of the Verma vacuum module 
VWs^c- Clearly £(0, 0) is the irreducible quotient of VWa^c- It is easy 
to see that VWs^c has a linear basis 

L_,,_2 ■ ■ ■ L_,„_2l^.,,-3 ■ ■ ■ W^,„.s\0), (2.5) 
<ii < ■ ■ ■ <im, < ji < ■ ■ ■ < jn, m, n > 0. 

The action of Lq on VWa^c gives rise to a principal gradation on 
VW3,c- VWs.c = 0„ez(VW3,cjn- Mroducc the following fields 

Tiz) = J2 Lnz-'^-^ W{z) = W^z-^-\ (2.6) 

nez nGZ 

It is well known that the vacuum module VWs^c (resp. irreducible vac- 
uum module /^(O, 0)) carries a vertex algebra structure with generating 
fields T(z) and W{^z\ The VV3 algebra with central charge —2 we have 
been referring to is the vertex algebra £_2(0,0), which we denote by 
W3 -2 in this paper. Fields T{z) and W{z) correspond to the vectors 
L_,2|0) and VT-sjO) respectively. The field corresponding to the vector 

■ ■ ■ L_,,„_2W^_,,_3 ■ ■ ■ W^-,„-3|0) is 

d^'^^T{z) ■ ■ ■ d^''-^T{z)d^^^^W{z) ■ ■ ■ d^^-^W{z), 

where 9*^*^ denotes \d\. 

From now on we concentrate on the case of VV3 algebra with central 
charge c = —2. We can rewrite (|2.3| ) as the following OPEs in our 
central charge —2 case: 

r^, x^/ X -1 ITiw) dT(w) 



[z — wr [z — w]^ z — w 



T{z)W{uj) ~ ^ + ^ 2.7 

yz — wy z — w 

TT./ NTT./ N -2/3 2T(w) dT{w) 



(2; — wY' (z — wY {z — wY 

^ : T{w)T{w) : -ld^T{w] 



{z-wy \3' ^ ^ ^ ^ • 2 

^(^d{: T{w)nw) ■.)-\d^T{w 

Z — W \6 6 



Representation theory of the vertex algebra VW^^c is just the same 
as that of UiyVz)- We see from the following lemma that VW3_2 is 
reducible so its maximal proper submodule I is not zero. Representa- 
tion theory of W3 _2 becomes highly non-trivial due to the following 
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constraints: a module M of the vertex algebra VWz,-2 can be a module 
of W3,_2 if and only if M is annihilated by all the Fourier components 
of all fields corresponding to vectors in / C VW3,_2. 

So it is important to find information of (top) singular vectors in 
the vacuum module VW3,_2- The following lemma can be proved by a 
tedious however direct calculation: 

Lemma 2.1 1) There is no singular veetor in (VW3__2)n; < 5. 

2) There are two independent singular vectors in (VW3,_2)6; denoted 
by Vs and : 

+ 9L_3iy_3 - 6L_2iy_4) |o). 

3) v'g = ^Wo{vs), Vs = ■^Wo{v'g). Equivalently we have 

4) Wo {Qvs ± §v,) = ±6 (6vs ± f . 

Remark 2.1 Vectors Vg, are not singular vectors in the Verma mod- 
ule A^(0,0). 

3 Irreducible modules Va{o- G c) of W3,-2 

We first recall how we realize the VV3^_2 algebra in terms of a pair of 
fermionic be fields ||W2|| . Take a pair of be fields 

b{z) = J2 b{n)z-'', c{z) = J2 c{n)z-''-^ 
nez nez 

with OPEs 

b(z)c(w) —, b(z)b(w) ~ 0, c(z)c(w) ~ 0. (3.8) 

z — w 

Equivalently, we have the following commutation relations: 

[6(m), c(n)]^ = Sm-n, [b{m), b{n)]^ = 0, [c(m), c{n)]^ = 0. 

We denote by the Fock space of the be fields, generated by \bc), 
satisfying 

b{n+l)\bc) = 0, c{n)\bc) = 0, n>0. 
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Then 



j{z) =: b{z)c{z) := ^ > 



z 



-n-l 



is a free boson of conformal weight 1 with commutation relations 

[jm,jn] = m6m-n, m,n El. 
We further have the following commutation relations: 

[jm,&(^)] = &("^ + "'), [i.m,c{n)] = -c{m + n), m,nez. 

Then we have the 6c-charge decomposition of JF according to the eigen- 
values of jo: 

We denote by Ha (« G C) the Fock space of the Heisenberg algebra 
generated by jn,n £ ^, with vacuum vector \a) satisfying 

jn\a) = a6n,o\a), n > 0. 

Denote by ip{z) = q+jo \nz — J2nytojnZ~"', where the operator q satisfies 
[qjn] = 5n ,o. C learly j{z) = dtjj{z). (Note that our are 
denoted in by -f%z), -j^^ ■ ■ ■)• 

By the well-known boson-fermion correspondence, we have an iso- 
morphism between JF' and Tii as representations over the Heisenberg 
algebra generated by j„, nGZ. On the other hand, we may regard b{z) 
and c{z) as 

b{z) =: e^(") :, c{z) =: e-^^'^ : . (3.9) 
Furthermore we have the following OPEs 

b{z)c{w) = : b{z)c{w) :, c{z)b{w) = : c{z)b{w) : . 

z — w z — w 

(3.10) 

In particular it is well known that (and so TYq) is a vertex algebra. 
Denote by JF" the kernel of the screening operator c(0) from J-'^ to JF^^. 
It has a structure of a vertex subalgebra of JF*^. Let 



Tiz) = J2 ^n^-"~' =: dbiz)ciz) : . (3.11) 



Easy to check that T{z) is a Virasoro field with central charge —2. We 
also define another field of conformal weight 3: 

W{z) = J2 WnZ-""^"^ = 7^ (• '5'K-2)c(2) : - : db{z)dc{z) :) . (3.12) 
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We introduce a rescaled field W{z) = ^^/6W{z) for convenience later 
on, namely 



-n—3 



- (: d%{z)c{z) : - : dh{z)dc{z) :) . (3.13) 



The following theorem is proved in W2|. 



Theorem 3.1 The vertex algebra T is isomorphic to the simple ver- 
tex algebra W3-2 with generating fields T{z) and W{z) defined as in 
(^Jl ) and ^SlM) . 



By the boson-fermion correspondence and Tio are isomorphic as 
vertex algebras so we may view W3 _2 as a vertex subalgebra of Hq as 
well. Ha is a module over the vertex algebra Ho and so can be regarded 
as a module over W3-2- Denote by Va the irreducible subquotient of 
the W3 _2-submodule of Ha generated by the highest weight \a). 

We first rewrite the fields T{z) and W{z) defined as in ( p.ll|) and 



(|3.12|) in terms of the field j{z) and its derivative fields. 



Proposition 3.1 Under the boson-fermion correspondence, the fields 
T{z) and W{z) in (\3.11\) and ^3.12J can be expressed in terms of j{z) 
as 



Tiz) = ^i^.jizr-.+djiz)), (3.14) 
W{z) = l(^A:j{z)':+6:j{z)dj{z):+d'j{z)). (3.15) 



Proof. By ( 3.101 ), we have 
1 



b{z)c{w) 



z — w 



1 + {z - w)j{w) + 



,z - w 



■.j{wf : +dj{w)) 



+ (: j{wf : +3 : j{w)dj{w) : +d'j{w) 



6 



1 1 

h j{w) -^-{z-w)(: j{wf : +dj{w)) 

z — w 2 ^ ^ 

+ ^{z - wf (: j{wf : +3 : j{w)dj{w) : +d^jiw)) . 
From this we see that 

: d%{w)c{w) := ^ (: j{wf : +3 : j(w)dj{w) : +d'^jiw)) . (3.16) 
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On the other hand, by ( |3.1CI| ) we have 



c{z)b{w) 



1 



1 — {z — w)j{w) + 



{z — w)' 



z — w \ 2 

^3 



-djiw 



{z — wY 
6" 



(- : jH' : +3 : j{w)dj{w) : -d'j{w)) 



+ higher terms. 
This imphes that 

: dc{z)h{w) : = 



{z — w)' 



+higher terms. (3-17) 

Equivalent ly we have by switching z and w in ( p. 17 ) and reversing 
the order between dc and h (we get a minus sign since be fields are 
fermionic) 

^ \(:.3{zf:-dj{z)) 



: h{z)dc{w) 



{z-wf 2 
+ \{z-w) (- : j{zf ■ +?, ■ j{z)dj{z) :) 

\ (: : -dj{w) 



{z-wf 2 
-^{z -w){2: j{w)dj{w) : -d'^j{w)) 

+ \{-:jiwf:+3:3iw)djiw) :) 



^ (: j{wf : 



2 

w) (2 : j{w)dj{w) : -d'^iiw] 



2^ 

+ (2; -It;) (^-i : : 



It follows from (|3.18|) that 



: dh{w)dc{w) := — - : ^{wY '■ +^d'^j{w). 

3 6 



(3.18) 



(3.19) 



So by ( FT3D , ( ^161) and (|3l9| ) we have 

H^(«;) = ^ (4 : j{wf : +6 : j(^)5j(^) + 
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The proof of the identity ( p.l4| ) is similar. □ 



Proposition 3.2 The highest weight of the 'W^-2-i^odule Va (a & C) 
with respect to (Lq, Wq) is (^^a{a — 1), — l){2a — 1)^ . 

Proof. Lq and Wq can be written as an infinite sum of monomials in 



terms of j-n,n > by Proposition 3.1. Indeed we have 



-^0 — 9 [ X! jnj-n + X! j-njn j — -jo 
^ \n<0 n>0 / 

~ 9 (io ~ io) + 51 j-nin- 
^ n>0 

Since jn|a) = 0,72 > and jol^) = a\a), we have 

LqW) = ^(Jo - Jo)|a) = - 1)1")- 

Similarly, a little calculation shows that the only terms in Wq which 
do not annihilate the vacuum vector |a) are ^ (4jQ + 6jo(— jo) + 2jo) • 
So we have 

W^la) = (4a^ + 6a(-a) + 2a) = la{a - l)(2a - 1). 
12 ^ ^6 

□ 



Remark 3.1 The irreducible module Va is isomorphic to the module 
T " constructed in jWRj by comparing their highest weights for a G Z. 



Va is a proper subspace of Ha in this case and its full character formula 
is given in ^W^ . For a ^ |z, we know that Tia is irreducible as a 
module over the Virasoro algebra given by the field T{z) with central 
charge —2 HFeFj \KP\] and so is irreducible as a module over W3,_2- 
Full character formulas of these Va with respect to {Lo,Wo} can be 
also calculated. 



4 Classification of irreducible representa- 
tions of W3 -2 algebra 

We will show that irreducible modules Va,a G C exhaust all the irre- 
ducible modules of vertex algebra W3,_2 by calculating Zhu algebra in 
this case. We break the proof into a sequence of simple lemmas. 
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Lemma 4.1 Zhu algebra AiVW^^c) is isomorphic to a polynomial alge- 
braC[t,w], wheret,w correspondto [L_2|0)] and [iy_3|0)] in AiyWs^c) ■ 



Note that ij_2|0) is the Virasoro element in VWs^c so the element 
[L_2|0)] lies in the center of ^(VWs^c) by Lemma |T]^. Proof of the 
above lemma is quite standard. See Lemma 4.1 in |[W1|| for a proof of 



a similar result. One can easily modify that proof to give a proof of 
our present lemma. We will not write it down here since it is not very 
illuminating. 

Now specify c = —2. Let us denote by a the isomorphism from 
A(VW3,-2) to C[t,w]. 



Lemma 4.2 Keeping the conventions in Lemma ^TJ, under the iso- 
morphism a we have 

a{[vs])=w^-lt\8t + l), a(K]) = 0. 



1 a 



Proof. We will continue using the equivalence convention denoted by 
~ in the sense of Section |I|. It follows from lemma |1.1| that for any 
a e VW3,-2, 

a*(ty_3|0)) ~ {W^3 + 2W.2 + W. 
a*(L_2|0)) ~ (L_2 + L_i)a. (4.20) 

Recall that the isomorphism a from yl(VW3,_2) to C[t,w] sends ele- 
ments [L_2|0)] and [iy_3|0)] in AiVVVs^c) to t,w respectively. By ap- 
plying ( |4.20| ) to the first two terms of the singular vector Vg given in 
Lemma p.l| and then rewriting it in terms of the PBW basis of the form 
by using the commutation relations (|2.3|), we get 

"36^-^ " 9^-^ ~ Y^-2i^-4 + -L-,] |0) 



2 V3 

19 . 8,, 14, , 44, , , , 
36 9 9 9 ' ' ^ 
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3 

1Q 8 14 44 ^ 



+ ^ ~8L_2L-3 + 10L_5 - 4L2 2 + ^L_4 



It is easy to show by induction and applying Lemma |T7T| that 

~ (-1)" {{n - 1) (L_2 + L_,) + Lo) , n > 1. (4.22) 

By the equation ([4.20|) and repeated uses of ([4.22|) on the right hand 
side of ( [4.21| ), we get 

9 

Vs ~ + m{t + 3) - AOt - At{t + 2) + -t 

1Q 8 14 220 

-^t{2t + 3) - |t(t + 2)(t + 4) - -t{t + 4) + 

= -h'^iSt+l). (4.23) 

This completes the proof that ^"([t;^]) = — |t^(8t + 1). Similarly 
we can prove that 0"([f^]) = 0. □ 

Denote f{t, w) = w"^ — |t^(8t + 1). Now the following lemma follows 
from Proposition |1 . 1| , Lemma f4.1| and Lemma [4.2| (see Corollary |4.1| for 
a more precise statement). 

Lemma 4.3 The Zhu algebra v4(VV3,_2) o certain quotient of the 
quotient algebra C[t,w]/ < f{t,w) >, where < f(t,w) > denotes the 
ideal ofC[t,w] generated by f{t,w) G C[t, ty]. 

We have the following observation. 

Lemma 4.4 Solutions to the equation ( \0.2i ) are parametrized as fol- 
lows: 

(t(a),tu(a)) = Qa(a - 1), ^a(a - l)(2a - 1)^ , aeC. (4.24) 



Proof. First it is clear that t{a) can take any complex value when a 
ranges over C. Then by substituting t{a) in the equation ( |0.2| ) we see 



that w(a)^ = |a(a — l)(2a — 1) 
letting w{a) = 
while w(l — a 



. We don't lose any generality by 
|a(a — l)(2a — 1). The reason is that t{l — a) = t{a) 
= —w(a). □ 



16 



Weiqiang Wang 



Remark 4.1 For different a, a' G C, {t{a),w{a)) = (t{a'),w{a')) if 
and only if a = 0{resp. l),a' = l{resp. 0). Namely Vq is isomorphic 
to V\ and this is the only isomorphism among Vq, a G C. 

Now we are ready to prove our classification theorem on irreducible 
modules over the W3,_2 algebra. 

Theorem 4.1 Vq,,« G C are all the irreducible modules over the sim- 
ple W3 algebra with central charge —2. Highest weights of these mod- 
ules Va are given by (^^a{a — 1), ^a{a — l){2a — 1)^ , a G C. They are 
parametrized by points (t, w) on the rational curve defined by w'^ = 
lt'{8t + l). 

Proof. By Lemma |4.3| , we see that any irreducible module of the as- 
sociative algebra A(yV3-2) is one-dimensional since A{yV3-2) is com- 
mutative. Given t,w & C, let be the one-dimensional module of 
y4(>V3,_2), with [L_2|0)] acting as the scalar t and [IV_3|0)] as the scalar 
w. Then has to satisfy = it^j^St+l). Note that o(L_2|0)) = Lq 

and o(H^_3|0)) = Wo by the definition of o(-) in Section |l[ So by Theo- 
rem |1.2| , the highest weight {t, w) of any irreducible module of the ver- 
tex algebra W3,_2 with respect to (Lq, Wq) has to satisfy the equation 
w"^ = |t^(8t + 1). By Lemma P| , we see all solutions to the above equa- 
tion can be written as of the form (^^a{a — 1), ^a{a — l)(2a — 1)^ , 
a G C. On the other hand, we have already constructed a family of 
irreducible modules (a G C) with highest weight exactly equal to 
Qa;(a — 1), ^a{a — l){2a — 1)^ . This completes the proof of the the- 
orem. □ 

We think it is remarkable that the set of all irreducible modules of 
VV3,_2 has such a simple and elegant description in terms of a rational 
curve. It indicates that the non-rational vertex algebras may have very 
rich representation theory. 



We have an immediate corollary of Theorem |4.1| which strengthens 
Lemma |4l 



Corollary 4.1 The Zhu algebra A(W3,_2) is isomorphic to the com- 
mutative associative algebra C[t,w]/ < f{t,w) >. 



Remark 4.2 1) Basing on the results of Theorem \4-l\ and Corol- 
lary \4-A it is natural to conjecture that the singular vectors Vs 
and generate the maximal proper submodule of the vacuum 
module VW3,_2- 
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2) A Virasoro vertex algebra with a certain central charge is ratio- 
nal if and only if the corresponding vacuum module is reducible 
JVFi|/ . As our results show, W3 algebra provides new possibility, 
namely the simple vertex algebra VV3,_2 not rational but the 
corresponding vacuum module VVV3,_2 reducible. 



We further comment on why central charge c = —2 is particularly 
interesting from a different point of view. There is the so-called quan- 
tized Drinfeld-Sokolov reduction (cf. e.g. ||BH|, |FKW||) which allows 



one to establish connections between W„ algebra with central charge 
and the affine Kac-Moody Lie algebra sin with central charge k. 
Here 

c^f ) = 2n^ -n-l- n{n^ - 1) (77^ + k + n) . 

\k -\- n / 

In particular, for k = —n + p/q one can rewrite c^^-* as follows: 

n{n + l)(p — q)'^\ 



c(f) = (n-l) 1 



pq 



The so-called minimal series central charges of the W„ algebra are those 
c!^^ for k = —n+p/ q, where p, q are coprime integers satisfying p,q > n. 
They correspond to the admissible central charges k = —n+p/q for the 
affine algebra sin, with the same conditions imposed on p, q as above. 
The admissible representations with admissible central charges were 
first studied by Kac-Wakimoto [|KWa . 



Thus by means of Drinfeld-Sokolov reduction the central charge —2 

2 ^ 2 



for the W3 algebra corresponds to the central charge = — | or — | of 



s/3. Observe that /c = — 1 = — 3 + |or— 1 = — 3 + | corresponds to 
the "boundry" of the admissible central charges of s/3. 

However more than this is true. Consider the "boundry" of the 
admissible central charges of sL, i.e. k = —n H — ^ or —n + The 

o 111 n—1 n 

corresponding central charge of the Wn algebra c^'^-* = —2, which is 
independent of n. In this sense —2 is a universal central charge for any 
W„ algebra. We expect that the representations of the affine algebra 
sin with central charge equal to the "boundry" of the admissible central 
charges are of independent interest. 
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5 Classification of irreducible modules of 
vertex algebra Wi+oo,-i 

Let T> be the Lie algebra of regular differential operators on the circle. 
The elements 

form a basis oiV. V has also another basis 

where D = tdt- Denote by T) the central extension of P by a one- 
dimensional center with a generator C, with commutation relation (cf. 

[ff{D),t^g{D)] = f+^{f{D + s)g{D)-f{D)g{D + r)) 

+ ^{ff{D),fg{D))C, (5.25) 

where 

f E fij)9ij + r), r = -s>0 
^{ff{D),fg{D)) = { -r<,<-i (5.26) 

[ 0, r + s^O. 

Letting weight Jl = k and weight C = defines a principal grada- 
tion 

^ = 0P,. (5.27) 

Then we have the triangular decomposition 

f> = V+^Vo^V., (5.28) 

where 

je±N 

Let V be the distinguished parabolic subalgebra of V, consisting 
of the differential operators that extends into the whole interior of the 
circle. V has a basis {Jl,l > 0,1 + k > 0}. It is easy to check that the 2- 
cocycle \1/ defining the central extension of V vanishes when restricted 
to the parabolic subalgebra V. So V is also a subalgebra of V. Denote 
V = V®CC. 
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Fix c G C. Denote by Cc the 1-dimensional V module by letting 
C acts as scalar c and V acts trivially. Fix a non-zero vector vq in Cc. 
The induced P-module 



MJV] =U[V 



U{V) 



is called the vacuum P-module with central charge c. Here we denote 
by U{q) the universal enveloping algebra of a Lie algebra g. MciV) 
admits a unique irreducible quotient, denoted by Wi+oo,c- Denote the 
highest weight vector 1 in M^iV) by |0). 

It is shown in [[b'KKW|| that VVi+oo,c carries a canonical vertex alge- 



bra structure, with vacuum vector |0) and generating fields 



-k-l-l 



of conformal weight / + 1,/ = 0, 1,---. The fields J\z) corresponds 
to the vector Ji;_i|0) in Wi+oo,c- Below we will concentrate on the 
particular case Wi+oo.-i- 

The relation between vertex algebras Wi+oo,-i and ^^-2 is made 



clear by the following theorem |[W2|| . 



Theorem 5.1 The vertex algebra Wi+oo.-i isomorphic to a tensor 
product of the VV3^_2 algebra, and the Heisenberg vertex algebra Ti^ with 
J^{z) as a generating field. 

Then the classification of irreducible modules over Wi+00,-1 follows 
from classification of those over VV3.-2 since the classification of irre- 
ducible modules over a Heisenberg vertex algebra is well known. Also 
see Remark 

Theorem 5.2 There exists a two-parameter family of irreducible mod- 
ules over Wi+oo.-i- Any irreducible Wi+oo,-i-'m'Odule can be written 
uniquely as a tensor product of a module C(t{a),w{a)) over -2 with 
amoduleTCs overHo (a G C — {1}, s G C), with {t{a),w{a)) as defined 



Remark 5.1 Theorem |5.^ disproves a conjecture of Kac and Radul 
\KR^ . The list of irreducible modules of Wi+00,-1 which were conjec- 
tured to be complete in ^R2^ consists of those with a = m Theo- 



rem 



5^ (i.e. modules M^^ in \W^] ). 
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There are several questions which the author does not know the 
answers at present but hope to have a better understanding in the 
near future. 

1) What are the fusion rules of W3 _2 (and thus of Wi+00,-1)? The 
existence of reducible however indecomposible modules of W3-2 



W2|] seems to be related to the fact that there is a node at (0, 0) 
on the rational curve w"^ — ^t^(8t + 1) = 0. It is likely that we may 
need to regard some reducible however indecomposible modules 
as basic objects when studying the fusion rules. 

2) Recall the Cartan subalgebra of Wi+oo is infinite dimensional. 
In |[KR1|| the highest weight of an irreducible quasifinite module 



over Wi+00 is characterized in terms of a certain generating func- 
tion A(x). The question is how to identify highest weights of 
the two-parameter family of irreducible modules of Wi+00 with 



central charge —1 in Theorem p.2| in terms of A{x). It would be 



very interesting to see if these irreducible modules of Wi+00,-1 we 
have constructed are the first realizations of Wi+oo-niodules with 
= + ■ ■ ■ with some non-constant polynomial p{x) (cf. 

|[KR1|| for notations). 
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